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Review of Fourier Series

e Deal with continuous-time periodic signals.
e Discrete frequency spectra.
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Two Forms for Fourier Series

f(t)=> ce™ I C,

D oTI2
- f (t) cos nw,tdt

-T/2

D oTI2

- f (t)sin nw,tdt

T J-112

1 ¢1/2 _ jnot
= |, et



How to Deal with Aperiodic Signal?

A Periodic Signal .
f(t)
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If T—>o0, What happens?
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Fourier Integral
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Fourier Integral

f(t)—— [ U f (1)e “’"‘dr}e“”tdw
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Fourier
Series:

Fourier
Integral:

Fourier Series vs. Fourier Integral

f(t) = icnej”‘”ot Period Function
1 p1/2 it :
=2 f. (e "'dt] Discrete Spectra
1 oo _,. Non-Period
f()=—| F elold .
0= ) Flioedol "0 o

F(jo)=|_ f(te dt] Continuous Spectra



Continuous-Time
Fourier Transform

Fourier Transform



Fourier Transform Pair

Inverse Fourier Transform:

fO=--f F(jm)ej@tdool Synthesis

Fourier Transform:

F(jo) = f(t)ej‘”tdtl Analysis




Existence of the Fourier Transform

Sufficient Condition:

f(t) 1s absolutely integrable, 1.e.,

j:\ f (t) dt < oo




Continuous Spectra

F(jo)={_ f()edt
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Example
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Notation

T 1 (O] =F(w)

FF(jo)] = f(t)|
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Linearity
a, f,(t)+a, fz(t)@aﬁ(jwhafz(jw)l




Time Scaling




Time Reversal
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Time Shifting
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Frequency Shifting (Modulation)
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Symmetry Property

FIF(Jt)] = 2xnf (—w)
?f)

2nf (1) = f F(jo)edo
27f (—t) = f F(jo)e *“dw

Interchange symbols w and t

2nf (-w) = F(jt)e'dt =F[F(jt)]



Fourier Transform for
Real Functions

If f(t) Is a real function, and F(jo) = Fz(jo) + JF,(jo)
= F(-jo) = F*(jo)

F(jo) = fw f (t)e tdt

F*(jo)=[_ f(t)e"'dt =F(-jo)




Fourier Transform for
Real Functions

If f(t) Is a real function, and F(jo) = Fz(jo) + JF,(jo)
= F(-jo) = F*(jo)

m) [, (Jo) Iseven, and F,(jo) IS odd.
Fr(—0) = Fa(jo) F (o) = —F (o)

ms) Magnitude spectrum |F(jo)] Is even, and
phase spectrum ¢(w) Is odd.




Fourier Transform for
Real Functions

If f(t) Is real and even If f(t) Is real and odd

m) F(jo) is real m) F(jo) is pure imaginary
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Even msp f(t)= f(-t) Odd wm f(t)=—f(-t)
=) F(jo)=F(-]o) =) F(jo)=—-F(-]o)
Real = F(—jo)=F*(jo) | Real m F(-jo)=F*(jo)

= F(jo)=F*(jo) = F(jo)=—F*(jo)




Example:
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Example:

1 Wy(t) * f(t)=w,(t)cosamqt
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About writing
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Fourier Transform of £’(t)

f(t)«“>F(jw) andif lim f(t)=0
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Fourier Transform of f (M(t)
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Fourier Transform of Integral

f(t)«=>F(jow) andif j:f(t)dtzF(o) 0
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(Suite)

General case
By convolution with heaviside distribution

[ f()r = 2F (0)8(@) + — F(jo)
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The Derivative of Fourier Transform
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Basic Concept

£ (t) fO=LIf(0)]
mmmm)> Linear System |

fi()=a, fi; () + a, T, (D) f(1)=L[a, T;1(t) + a, fix(1)]

A linear system satisfies f (t) = a,L[f;,(t)] + a,L[f»(1)]
- alfol(t) + azfoz(t)




Basic Concept

fi(t) Time Invariant fo(0)
. System ‘
fi(t +1o) fo(t + o)
fi(t —t;) folt —to)
10 [NTO
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> > 1
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Basic Concept

fi(t) Causal fo(0)
— System —

A causal system satisfies
f()=0fort<t, wmmp f (t)=0fort<t,




Which of the following

systems are causal?

Basic Concept

| f(t
fi() Causal O(l)
System

~ t/\/\fo(t) -t
ty 0

r/\ﬁ(t) .- | A\fcﬁt)/\ .t
t g to
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Unit Impulse Response

o(t) | TI h(t)=L[3(t)]
f(t) SYStem | re)]=2

Facts: [ f(mst—rde=[ f(t-1)d(x)dr= f(t)

) L[f(t)]= L[ [ f@a- T)dr} [ f @)Ll

= [ f(ht-7)dr Convolution



Unit Impulse Response

Impulse Response

) LTI System )
f(t) h(t) f(t)*h(t)

L[f (1)]= T (t)*h(t)]




Convolution Definition

The convolution of two functions f,(t) and
f,(t) Is defined as:

f(t) = j_“; f, (1) f,(t—1)dr
— 1:1 (t) * fz (t)




Properties of Convolution

f1 (t) * fz (t) — fz (t) = f1 (t)I

LO* LM =] LELt-Od=] " f@ft-)d

[ -0 t--0ld(E-1)

= — E::O f(t—7)f,(v)dt
-[ Ht-9 @b = LO* O



Properties of Convolution

f1 (t) * fz (t) — fz (t) * fl (t)I

f(t) Impulse Response

)

f(t)*h(t)
]

Impulse Response
LTI System

f(t)

h(t)*f(t)
.




Properties of Convolution

[ f1 (t) * fz (t)] * 1:3 (t) — f1 (t) *[ fz (t) * f3 (t)]




The following two

systems are identical

Properties of Convolution

[ f1 (t) * fz (t)] * 1:3 (t) — f1 (t) *[ fz (t) * f3 (t)]

= hy(t) e D,(1) mmy hy(t) memp

= hy(t) mmp hy() mmp hy(t)




Properties of Convolution

fO*3() = F O] (t) mad 5(t) mup f(0)

f(1)*5(t) = j: f (1)S(t —1)dr
— j: f (t—1)8(t)dv
= f (1)




Properties of Convolution

f(t)*o(t) = f(t)| f(t) md (1) |mump f(t)
f(t)*S(t—T)= f(t—T)l

f(t)*S(t—T) = j“; f (1)8(t—T —1)dr
— j"‘; f(t—T —1)8(1)dr

— f(t=T)



Properties of Convolution

f)*o(t—T)=f(t —T)I

5(t=T)
ft) mady |y f(t-T)
0 T
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System function o(t—T) serves as an

Ideal delay or a copier.

f)*o(t—T)=f(t —T)I

5(t-T)
ft) mady |y f(t-T)
0 T
~1 _~1
0 0O T
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Properties of Convolution
f,(0)* F,(t) <> F(j0)F, (jo)|
ACKAGIEIN U fL(0) f,(t- r)dr}e "t
[ f(r)“ f(t-t)e ’“’tdt}dr

= [ f,()F,(jo)e " dr

= Fz(jw)ji fi(n)edt =F(jo)F,(jo)



Time Domain Frequency Domain

convolution multiplication

fL(0)* (1) <> F,(jo)F,(jo)
ACKAGIEIN U fL(0) f,(t- r)dr}e "t
[ f(r)“ £ (t-t)e ’“’tdt}dr

= LO f,(0)F,(jo)e v

= Fz(j(D)_E:o fi(n)edt =F(jo)F,(jo)



Time Domain

convolution

Frequency Domain

multiplication

fL®)* f,(t) «——F.(jo) Fz(jw)|

f(t) w—)p

Impulse Response
LTI System

h()

F(jo)

Impulse Response
LTI System

H(jo)

m) f(t)*h(t)

) F(jo)H(jo)



Time Domain Frequency Domain

convolution multiplication

fL®)* f,() «— R (jo)F,(jo)

Fo)H, (o) Fo)H;(o)H,(o)H;(o)

) H,(joo) mmy Hy(jo) mmy Hy(joo) mmp

F(jo)

F(jo)H;(Jo)H,(o)




Properties of Convolution

fL®)* f,() «— R (jo)F,(jo)

'E (o) I H(jo) 1Folj)

- -
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An ldeal Low-Pass Filter




Properties of Convolution

fL®)* f,() «— R (jo)F,(jo)

tF.(jo) T H(jo) tFo(o)
| (R
0 —0, 0 ®) 0

An ldeal High-Pass Filter



Properties of Convolution

£, 1,0 = [ R(OF,Li(0-0)k6
27T 9=

1

f,() f,(t) «———F,(jo)*F,(jo)
2T




Time Domain Frequency Domain

multiplication convolution

£, 1,0 = [ R(OF,Li(0-0)k6
27T 9=
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Properties of Convolution

[ 10 LOB === F(jo)F, joldo
—o 270 9

LO RO [ F(OF.Lio-0Ks
7T

[0 LOFd == F(0F.[i(0-0)K0
U

[ IO Lo =" R0k
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Properties of Convolution

[ 10 LOB === F(jo)F, joldo
—o 270 9

If f,(t) and f,(t) are real functions,

[ 1O LOB == F(jo)F oo
—o0 270 9=

f,(t) real W F,[-jo]=F;[jol




Parseval’s Theorem:
Energy Preserving

(1@ P _—j | F(jo) [ do

f(t)ej““dt) =F*(-jo)

L f*(t)]= j“; f*(t)e 'dt = ( j

j:| f (t) [at =joo f(t) f *(t)dt = Energy of f(t)

zi F(jo)F *[- (—Jm)]dm——j | F(jo) o
Tt




Isometry

(1,0, £,0) =2 (F(@), Fu(@) = (F (). F: (0)

1
[t O = IF @) =[F @)




