Course L3
Signal theory

Correlation and spectral density functions

The correlation or cross correlation function is one of the main tools for the measurement of
likethehood between two functions which represent a physical phenomenom. Considering
analogic and discrete signals, the objective of this course is to give the main results of this
tool.

The latter is used in electronics, telecommunications... for the detection of targets, sources in
aeronautics or astronomy.. ., everytime we have to detect a potential source.

analogic signals discrete signals

15t definition :

If s(t) e L?

T e Cs(m)= > s(n)S(h—m
Cy(0) = [ syst o)t s(M)= 2, s(s(n-m)

2
C,(0) =Energy of s(t)=[st)[; Cs(0) =Energy of s(n)=  Cs(m) = 3 |s(n)f*
nez
2" definition :
If s(t) e L2
17 im0
= lim — S(t— Cs(m)= lim —— > s(n)S(h—m
Cs(0) = lim — J-Ts(t)s(t 7)dt s(m)= lim —= +1,ZN (n)s(n—m)
C, (0) = Power of s(t) Cs (0) = Power of s(n)
17 2 N

=Cs(0) = lim —— | |s(t)|dt =C,(0) = lim —— " |s(n)?

fim o ] @)= lim —L= 3 s
31 definition :
If s(t) is periodic with period T,

t,+T, 1 N-1

17 Cs(m)== > s(n)s(n—m
Co(r)== [ ss@-o)t s(M) NEO (Ms(n—m)

To P
C;(0) =Power of s(t) = Cs(0) =Power of s(n) =

1" . =2 Ss(m?

=— > ls(n
cs(0)=ﬂ tj Is(t) 2t sO=4 EOI )
s(t) can be decomposed in a Fourier series s(n) discrete and periodic, then,
, 2 joant/T, . 1N
with s(t)= >, C,e ° and: s(n)=— 3 S.el27/N gnq
n=—o NSo
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t,+T, . N-=
=] s(e 12 Tt S =3 s(me 2K/
4 k=0
then :
t,+T, N-1 4
C(r)=— j s(t)S(t—r)dt can be written C(m=-+% 1N Z selzrkn/N 1 Z §,e-i27(-m)/N
To ¢ NnZo Ni=o N iz
1 b 220t/ 27m(t—7) /T,
C(r)=— C, gl2mn > Cpe —Jj2zm(t-—z C 1 NN NS o rn(kt) /N j2im/N
° TO t, nez meZ Cs(m)_ N3 sz: S goe ¢
Né‘kl
_ = 14t j2zt(n-m)/T, j2zme /T, ‘
Cs(= 2 CiCn— | e dt e 1 N-1 : Sk
n,mez? To Calm) =5 ¥ |5, fei2em/N en posant o =~
anm It becomes :
Cs(r)= Y |C, | 1277 /Ts g
nez C (m)_ Z ‘06 ‘ ejZ/rkm/N
=0
C, (0= |Cn|2 =Power )
nez Cs(0) = Z |ak| = Power
k=0
Example of computation :
s(t)=H(@t)e ™ a)0 and H(t) : Heaviside
eia‘f‘
then : Cq(7) =
A few properties :
Using the first definition for written simplification
1-if s(t) is real :
C = t)s(t —)dt
5(7) L s(t)s(t—7) C.m)= S s(m)s(n—m)
nez
And C4(7r) = C4(—7) even function
2-1f s(t) is a derivable function : And Cg(m) = C4(—m) even function
dCs(7) 0
dr |._g
3-C4(0) is maximum : C4(0) > C4(7) Idem. ..
Writing :
[ (s(t)£s(t—7))?dt >0
2C,(0)£2C(z) >0
We get :

Cs(0) = |Cs (7))
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4- If C4(7) is continuous at origin then

C; (7) continuous everywhere : i.e.
limCy(r)-C;(0)=0<=Vz, limCg(r+¢&)-Cs(r)=0
7—0 -0

lim Cy(r+¢)-Cs(r) =
-0

lim [s@)[s(t—7—&)—s(t—r)]dt
&0
The integral can be majored by :

[[s®)[stt-7-&)—s(t—7)]dt | <

D(s(t))z dt[[st—z - &) —s(t—7)]° dt}llz
Thus :
[2C4(0)(Cs(0)-C(e))]

Where the limit tends to 0 with ¢
5- Relationship between convolution and correlation

Ifs(t) e L2, then : Cg (m) =s(n) = s(—n)|n:m = s(m) *s(—m)
Cs(7) =s(t) *s(-1)|,_, =s()*s(~7)

Relation in the frequential domaine
Using the 1st definition and Parseval’s theorem:

1/2

Cs (r)= J. s(t)S(t—)dt = OJ? §(U)§(U)ej2m)rdu

Wiener-Kinchin’s theorem

Wiener-Kinchin’s theorem

7 (Cs(2)) =S5 (v) 7 (Cs(m)) =S5 (v)

With the first definition

7 (Cs(2)) = Of Cy(r)e 12 dr =

[ s(®)s¢( )_Oojz’”’fd d 7 (Cs(m)) =X Cq (m)e~127mo _
s(t)s(t—r)e tdr = =
R? > s(n)s(n- m)e*jZHmu _
f i . i n,mez-
s(t) | s(t— z-)eJZmJ(t—f)d Te—]Zm;tdt ~15(v) 2 | |
_£o _£o | ¥ ()5 (n—me 2r-Mug-izenw _ 162
Z Z

With the second definition, we get :
T _ 2
[ s(tye™12mtgt

S,(0) = lim —
Tow 2T T

_/“(Cs(m)):.f( lim ——

N
s(nN)S(n—m if thelim3
N—w 2N +1_ZN (s )J

()

with  s(t) = TlinoO st(t) = Tlino0 s(t)Rect m

.1
and C = lim —sy (t) *s7 (-t) |~
s(T) T oT T() T( )lt_z'

With the third definition
_ * 2 n
7 (Cs(r))=Z|Cn| 5(0—1_—]
—0 0
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A few words about cross correlation and cross spectral
density function
For example, using the 1% definition, we can write :

0

Cyy (1) = j X(t)y(t —)dt

—00

In the other case, when we can’t write this integral,

.
ny(z')lei_TD% [ x®)y-=)at
T

Also, when the 2 functions have the same periode T,
we can put :

t,+T,
Cy() =1 [ Wyt
t

0

About spectral density functions
1st definition

T (Cyy (2) _fc (r)e 12774 =
(Cxy (@)= | Cy

[ x®)y(t—)e 127 dtdr =
R2
[ x(®) [ yt—o)el2™ ) dre 127 gt = 2 (0) Y (v)

—o0 —o0
2 definition

1T i T
SXy(U):TIinooE J:I_X(t)e JZ”Utdt_[ry(t)eJZHUtdt
o
[T]

.1
d C = lim —x; () * 7 (-t) |-
and Cyy(r) = lim —xx (01 (1) e

with  x(t) = lim xg (t) = x(t) Rect
T

3rd definition

: /‘(ny (T)) = é XnY_r15[U_-|—1j

0
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Cyy(m) = ZZ X(n)y(n—m)

: 1 N
Cyy (M) = ,\llinoom% x(nN)y(n—m)

1 N-1
Cyy (M) = N ;O x(n)y(n—m)

_ T(ny(m)) = :i ny(m)e‘jz”m“ =

> x(n)y(n-my 27 =

n,meZ-

%x(n)% ¥(n —m)el2z(-Mug-j2mo _ %(v) )7(0)

N
,T(ny(m)) = 7( lim —~ S x(n)y(n—m)

N 2N +1 5

N-1  _
Hegm)- Eando-)

k=0

. X Y,
With ¢ :Wk and :Wk
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